The interplay between disorder and superconductivity has intrigued physicists for decades. Of particular interest is the influence of disorder on the superconducting energy gap ∆. In the absence of Coulomb interactions between electrons, disorder leads to emergent granularity of the local order parameter resulting in a pseudogap at temperatures above the critical temperature T c , as well as a finite gap ∆ on the insulating side of the disorder-driven superconductor-insulator transition (SIT). At the same time, disorder also enhances the Coulomb interactions, which subsequently may influence ∆ in a manner that is still not fully understood. Here we investigate the evolution of the energy gap through the SIT by two different experimental methods: tunneling spectroscopy, in which a metallic electrode is placed close to the studied sample thus screening the Coulomb interactions, and terahertz (THz) spectroscopy, which probes the unscreened sample. The comparison between the two methods illustrates the role played by electronic interactions in determining the nature of the phases across the SIT and sheds light on the mechanisms involved in the destruction of superconductivity.
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Introduction. The effect of disorder on superconductivity, even for s-wave superconductors, is an outstanding problem, yet unresolved. It involves the interplay of three major phenomena: superconductivity describing the pairing of electrons due to retarded attractive interactions, localization of wave functions because of strong disorder, and the evolution of Coulomb interactions with increasing disorder. It was argued by Anderson [1] that superconductivity is not affected by disorder on the scale of the superconducting energy gaph/τ ≈ ∆, where τ −1 is the scattering rate, persisting even in polycrystalline or amorphous materials.
Experimentally it was found that superconductivity can be destroyed by a sufficiently large degree of disorder of the order of the Fermi energy [2] [3] [4] [5] [6] [7] h/τ ≈ ǫ F . Once superconductivity is destroyed the sample undergoes a transition to an insulating state across a superconductor insulator transition (SIT), a fundamental manifestation of a quantum phase transition at T = 0 tuned by a non-thermal parameter such as disorder or a magnetic field.
In this paper we focus on the effect of disorder on the energy gap ∆. According to the BCS theory the relationship between the critical temperature T c and the energy gap ∆ is given by 2∆/k B T c ≡ α where the weak coupling BCS result gives α ≈ 3.5. The Mcmillan formula [8] in the strong electron-phonon coupling limit provides no such explicit formula but experimentally α is found to increase with increasing coupling strength reaching a typical value of 4.8 for strong coupling superconductors such as Pb [9] .
Disorder may influence the energy gap in various ways. Finkelstein [10] showed that in uniform superconductors, disorder induces diffusive transport which in turn intensifies
Coulomb repulsion between electrons. This suppresses electron pairing leading to a decrease of both the critical temperature and the energy gap with increasing disorder. Indeed a thin normal metal was shown to increase T c and ∆ of a nearby disordered superconductor by screening the coulomb interactions [11] .
Another possibility is that the superconductor, which exhibits a many-body coherent state of pairs on the scale of the coherence length ξ ≫ k
F (k F is the Fermi wave vector) becomes spatially inhomogeneous [12] with increasing disorder. This gives rise to an emergent granularity of the pairing amplitude on the scale of ξ even when the random potential fluctuates on an atomic scale [13] [14] [15] . It has been further shown that phase fluctuations riding on top of the inhomogeneous pairing amplitude suppress the superfluid stiffness D s at a critical disorder, signaling the superconductor to insulator transition [16] . However, the energy gap remains robust and finite across the transition and also survives as a pseudogap above the critical temperature T c . Indeed, recent tunneling measurements on InO and TiN films have confirmed these theoretical predictions and showed that as disorder increases and the sample approaches the SIT, α increases monotonically and ultimately even diverges at the SIT where T c → 0 but the energy gap ∆ is still finite. Consequently, a finite pseudogap was observed above the critical temperature [18] [19] [20] and a hard gap beyond the critical disorder in the insulating phase [21] . In paradigm (c) enhanced Coulomb interactions suppress ∆ to zero and consequently also D s which vanishes at the same critical disorder. In this case one can expect a transition from a superconductor to a Fermi insulator directly; this indeed appears to be the case in the present THz results presented below.
We next discuss our experimental results and return to a discussion of what they imply in the context of the above paradigms.
Experimental results and discussion. We have employed tunneling spectroscopy and THz optical measurements as the prime methods to determine the energy gap of disordered superconductors. To that end, the tunneling spectra obtained at certain temperatures are fitted by the BCS density of states; the complex THz conductivity is described by the BCS- [19, 20] . In InO a similar gap was also observed for the insulating phase of the SIT [21] . (Fig. 1c) is evident.
disorder in a way that clearly resembles Fig. 1c . This behavior of the gap and the superfluid stiffness support the notion that the samples experience a transition from a superconductor directly to a Fermi insulator.
Next we present results from the cross-check experiment in which the gap is determined from the THz experiment on films with and without a nearby metal plate. For this purpose we fabricate two InO films which are deposited together under identical conditions, one is a "bare" sample on an insulating substrate and the other a "screened" sample separated from an Al metal layer by a 5 nm thick insulator. As seen in the inset of Fig. 4 , the presence of the metal plate increases the T c of the film. σ 2 measured at T bare c < T < T screened c for both samples is shown in Fig. 4 . While the bare sample shows no change in σ 2 (f ) and remains constant at these energies as expected for the normal state, the screened sample For the samples with a screening metal plane (Fig. 4) we used the following procedure: A 30nm thick Al film was deposited on an insulating substrate. The Al was allowed to oxidize in ambient conditions for 24 hours. This process has been shown to produce ∼ 5nm thick pinhole free high quality AlO insulators [21] . The T c of the Al layer was 1.1K, well below the measurement temperature. A disordered SC film was then deposited on the AlO film.
As a cross-check, three additional pairs of "screened" and "bare" samples were produced on different substrates (SiO, sapphire or MgO) all showing similar differences in T c . In particular a pair of samples evaporated on the same substrate, Si + Ag + AlO, having different thickness of the AlO insulator exhibited a lower T C for the sample having a thicker insulator.
THz spectroscopy was used in the past to confirm the BCS theory since it probes the energy range of the superconducting gap [35] [36] [37] . Optical methods offer a number of crucial advantages over DC and tunneling measurements. In the first place a macroscopic area is irradiated homogeneously through the whole sample; thus it is a true volume averaging measurement unlike DC methods that are more sensitive to actual current trajectories and film morphology. Secondly it relinquishes the need for metal contacts which may affect the electron system by screening. Finally, THz spectroscopy can be employed to study also samples very deep in the insulating phase of the SIT, which are not accessible by tunneling methods. The experimental setup [40] is based on backward wave oscillators as powerful radiation sources to emit continuous-wave, coherent radiation which can be tuned over the frequency range of 0.05 − 1.1 THz, corresponding a photon energy of 0.18 − 4.5 meV.
The beam traversing through the sample is subject to multi-reflection on the two parallel boundaries of the substrate (i.e. Fabry-Perot interference) which strongly increases the interaction with the film. Subsequently it is detected by a Golay cell or He-cooled bolometer.
A reference arm completes the arrangement for a Mach-Zehnder interferometer in order to measure the phase shift in addition to the sample transmission for each frequency. The specimens were mounted in an optical 4 He bath cryostat, allowing to cool down to T = 1.85 K.
For each temperature and applied frequency we measured simultaneously the transmission, T r, and phase shift, φ, of the radiation passing through the studied sample, i.e. the film on the substrate; the bare substrate was characterized beforehand. Obtaining these two independent parameters enabled us to directly extract the complex response function (e.g. the real and imaginary parts of the complex conductivity, σ 1 and σ 2 , respectively) as demonstrated in Fig. 5 [39] .
There are two ways to determine the energy gap ∆ from the raw data. In the first approach, T r(f ) and φ(f ) are fitted by Fresnel's equations for a thin film on a transparent substrate [38] with frequency dependent optical parameters derived from microscopic models.
In the normal state the maximum of the Fabry-Perot oscillations hardly vary with frequency; the conductivity is given by the Drude model with the DC conductivity and the scattering rate as fitting parameters. For T < T c both T r and φ change dramatically with f . In this case the THz data are fitted to the Mattis-Bardeen equations complemented by a finite scattering rate [32] ; the gap 2∆ and the plasma frequency ω p are the fitting parameters.
This procedure is demonstrated in Fig. 5a for a film of NbN.
The second analysis procedure does not rely on any microscopic model. From the two independent quantities T r and φ the complex conductivity, σ 1 and σ 2 , is calculated via the Fresnel equations (for multiple reflections) [38] . From the frequency dependent conductivity, the value of 2∆ can be easily extracted by the kink in σ 1 (f ). Photon energies hf > 2∆ allow excitations across the superconducting gap, leading to a sharp increase in absorption.
Radiation with smaller frequency (hf < 2∆) can not break Cooper pairs, and only normal quasi-particle absorption is possible. With lowering the temperature, quasi-particle excitations become sparse and σ 1 (f ) remains flat down to lowest frequencies or increase with a further decrease in frequency -depending on the value of the scattering rate. σ 2 (which mainly depends on φ/f ) diverges as f → 0; according to the Kramers-Kronig relation, this corresponds to a strong zero frequency peak, representing superconductivity. This analysis procedure was employed to produce the plots in Fig. 5 panels b and c.
